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Based on the s t ruc tura l -cont inuum model, the theological  equations of state are  der ived 
for  weak solutions of polymers  with rigid macromoleeules  in the shape of t r iaxial  ell ipsoids.  

The theological  equations of state have been derived in [1, 2], f rom different  viewpoints, for  weak 
solutions of polymers  with a rigid ellipsoid of revolut ion serving as the hypothetical model of the m a c r o -  
molecules .  F r o m  the s t ruc tura l -cont inuum viewpoint [1], we will now consider  the ease  where the hydro-  
dynamic model of the polymer  macromolecules  in solution is a rigid t r iaxial  ellipsoid. 

We will use the s t ruc tura l -cont inuum model [3] for  describing the rheological  behavior  of such a 
medium. A feature  of s t ruc tu ra l - con t inuummode l s  is the revised concept of the continuum point, with 
e v e r y  point here  charac ter izable  not only by the density but also by the rate  of change of severa l  inner 
pa r a me te r s .  We will consider  the flow of a s t ruc tura l  continuum re la t ive  to a s ta t ionary  Car tes ian  sys -  

i 
tern of coordinates x (i = 1, 2, 3). Assuming that the s t r e s s  tensor  tij depends on the s h e a r - r a t e  tensor  
dij and on two inner pa rame te r s ,  namely the iner t ia  tensor  Iij and the angular-veloci ty  tensor  12ij , we ob- 
tain, when tij is a l inear  function of dij and Vii = coij-i2ij, the following express ion  for  the symmet r i c  part  
t(ij) and for  the asymmet r ic  par t  t[ij] of the s t r e s s  tensor:  

t(ij) = - -  p f i j  + c~ll~j + a~d~j @ aal~ i + % (I~kdh~ @ d~kIkj ) 

+ % (IihVhj - -  Vihlhj) -+- a~ (d~l~ i -+,- l~r ) + % (VlhI~] - -  2 , 2 likVhj) n- a s (l~hVkmlm i - -  l~kVhmt,~j), (1) 

+ ~, (Vihi2i 4- l~kVhi ) + 2 z 2 ~ (diklk] - -  Ii~dhj ) 4- [3 6 (I i~dkmI,n] - -  l~dkmlmj), (2) 

where ~i (i = 1, 2, . . . .  8) and flk (k = 1, 2, . . . , 6) are  polynomial functions of the f i r s t  tensor  invariants  
Ii], I~j, I~k, Iikdkj, dikI~j which do not violate the l inear i ty  of the tij dependence on dij and Vii. Inasmuch 
as the s t ructura l -cont inuum model (1), (2) is used in setting up the theological  equations of state for  solu-  
tions of polymers  with rigid ellipsoidal macromolecules ,  we re la te  the inner  pa rame te r s  Iij and f~ij in 
(1) and (2) to the respect ive  charac te r i s t i c s  of ell ipsoidal macromolecules .  

i 2 3 

Let  n, n, n be mutually orthogonal unit vectors  defining the orientat ion of an ell ipsoidal mac romole -  
cule along axes a, b, c, respect ively ,  then Iij can be represen ted  as 

1 1  2 2  3 3  
l~j = I~ n~nj + l~n~n~4-l~n~n i. 

We will d is regard  the inner moment  of momentum, which makes t[ij] = 0 [4], 
and (3), we obtain for  the angular-veloci ty  tensor  flij 

rn k rn k 

Q~i = amhd~tnsntn~n~ - -  r (4) 

(3) 

and then, with the aid of (2) 
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w h e r e  a m k  = -O~km a r e  funct ions  of flk (k = 1, 2 . . . . .  6) and I1, I2, 13. I n s e r t i n g  (3) and (4) into (1), with 
i 

the mutua l  o r thogona l i ty  of uni t  v e c t o r s  n t aken  into cons ide ra t i on ,  we r e p r e s e n t  the s t r e s s  t e n s o r  as 

1 l 1 [ 2 2 2 2  2 2 1 [ 1 1 2 2 k r n  k m  

tij = - -  P6iS + 2~tidH + [izdkm nhnmn~nj+ [lad~mnhnmninj + P~d~mnhnmn~ns-~-ll~n~nj+ ll~n~n~ + %md~n~n~n~np (5) 

w h e r e  Vkm = Umk (k, "m = 1, 2, 3, k c m ) .  

In  o r d e r  to d e t e r m i n e  the r h e o l o g i c a l  cons t an t s  in  (5), we m a k e  use  of the s t r e s s  t e n s o r  ~ i j ,  which 
i 

app l i e s  to our  m e d i u m  in a moving  s y s t e m  of c o o r d i n a t e s  n and which  is  r e l a t ed  to the e l l ipso id  as fol lows 
[51: 

aq -= - -pS i j  + 2p, d~jJ~ 8~O Ais, 
' abc 

(6) 

w h e r e  

A i j  

6F ' 2v o(a s ~ - b  2) ' 2~ o(c 2+a~)  

d~ 2~od2, - -  rod33 - -  aodn d23 
2v o (a* + ~ )  " 6F ' 2 %  (b e + c*) 

d,3 d~3 2rod33 - -  %d n - -  ~od~ 
�9 2~o(c ~ + a  s) ' 2a' o(b e - ? c  3) ' 6F 

F = (o~J'[3~ + a~v~  + 13~v~), ot o, 30, v0, a J ,  flJ, vJ, ~ ,  fl~, v~ a r e  func t ions  of a,  b, c [6]. T r a n s f o r m a t i o n  of 
1 2 3 

Eq. (5) to the moving  s y s t e m  of c o o r d i n a t e s  n (1, 0, 0), n (0, 1, 0), n (0, 0, 1) and c o m p a r i s o n  with  (6) will  
y ie ld  the fol lowing e x p r e s s i o n s  f o r  the r h e o l o g i c a l  cons tan t s :  

tq = l i 1 -~ abc F ' (7) 

4~t(1) % - -  Yo (8) 
t t~= ~ F ' 

Bs = abc F 

~q = O, 

4~t@ ( 1 
~ =  ~ k '~o ( as + be) 

4~O [ 1 

~3  = ~ ~. IS o (a ~ + c ~) 

4p,~ ( t 
v23 = ~ % (b e -+- c z) 

(9) 

(iO) 

(ii) 

(i2) 

(i3) 

I 1 2 2  
Based  on a c o m p a r i s o n  of (5) and (6), we ought to le t /z  5 = P6 = 0, but  the t e rms /~sn in j ,  P6ninj, as  wel l  

as  ptninj  in the c a s e  of an e l l ipso id  of r e v o l u t i o n  in [1] m a y  r e p r e s e n t  s t r e s s e s  due to ro t a t i ona l  Brownian  
m o v e m e n t  not accounted  f o r  in  [5]. Leav ing  P5 and ~6 u n d e t e r m i n e d  a s  ye t ,  we wi l l  c o n s i d e r  the e x p r e s s i o n  
(5) a v e r a g e d  th rough  the d i s t r i bu t i on  funct ion in  [7], which c h a r a c t e r i z e s  the o r i en t a t i on  of an e l l i p so ida l  
m a c r o m o l e c u l e  due to h y d r o d y n a m i c  f o r c e s  and ro t a t i ona l  Browntan  m o v e m e n t ,  

i I i l 
(r  > = - -  PSH -~- 2~tldij -~- ~t~dkm ( nhnmnin i > 

2 2  2 2  1 1  2 9  I t r n k r n  

+ bt3dhm < nhnmnin j > + ix5 < n~nj > + ~q < n~nj > + vamdst < n~ntnin j > , (14) 

is  the t h e o l o g i c a l  equa t ion  of s t a t e  f o r  ou r  m e d i u m ,  w h e r e  tq, t~2, P~, and Vkm a r e  def ined by  Eqs .  (7)- 
(13), r e s p e c t i v e l y .  
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In o rde r  to de te rmine  the rheological  constants  Ps and ~6, we will find the d iss ipat ion of mechanica l  
energy  S in a s imple  shear  flow: 

i 0 0 

K 0 
0 0 

0~ 0 (15) 

due to the occur rence  of rotat ional  Brownian movement .  

According to [8], this component  of mechanica l  energy  diss ipat ion is 

[ ( c  e - -  b e) hae - -  (c e + b e) Oaz S -  4 # D K (  W1 
abc b2~o + CZVo 

(a e - -  c 2) hi3 - -  (a 2 + c ~) ola We ] ) , + (b~--a~)hel - - (be  + a~)~ Wa+ - (16) 
aeao + b2[Io aeao + CeVo 

where  

]]h~jl[ = + ( A - 1 G A )  + + ( A - I G A )  ', 

i]o~jl , = + (A_IGA) _ _ 1  (A_~GA), ' 

i 
Here  A is  the t r ans fo rma t ion  m a t r i x  f r o m  the moving s y s t e m  of coordinates  n to the s ta t ionary  s y s t e m  of 

i 
coordinates  x, the p r ime  sign denoting a t rans format ion .  After pe r fo rming  s eve ra l  operat ions ,  we can 
wr i te  re la t ion  (16) as 

~ K  [D2~ (a ~ - -  ~)  i I 22 D~ (a ~ - -  b 2) "4 1 i 22 
S = ~ [c2v ~ + ae % (8 < nln e ~> + 4 < nln e > )  + ~r ~ ( < nine > - -  4 < nln e > )  

D~ (b ~ __ p)  2 ~ 1 I ] 
-~ be~o + ce~,O (17) (8 < nine > +  4 < n l n  2 > ) ]  . 

1 1 2 2  
It follows f r o m  (17) that the t e r m s  P5 (ninj),  Ps (ninj) in (14) a re  indeed s t r e s s e s  due to ro ta~onal  

Brownian movement  and that Ps, PG are ,  respect ive ly :  

Ix@ I D2~ (ae - -  ce) D~ (a e - -  b ~) D1~ (b e - -  c e) ] 
~s - -  abc 8 + 4  - + 4  a2ao + c~vo ae% + b*~o ~ j , (18) 

~ 0  [ D~ (ae - - c  ~) D~(be--ae)  _ D~(be_.ce)] 
~t~ = ~ [_ 4 aeao + CeVo + 4 + " (19) 

In the spec ia l  case  where  b = c, the rheological  equations of s tate  (14) become the e a r l i e r  der ived 
equations of s tate  [1] for  weak solutions of po lymer  mac romolecu l e s  with a rigid el l ipsoid of revolut ion as 
the hypothetical  hydrodynamic model.  When a = b = c, Eqs.  (14) yield Eins te in ' s  c lass ica l  r e su l t  [9]. 

tij 
P 
5ij 
dij 
wij 
~i j  
Iij 
i 
X 

a ,  bp e 

i 
n 

N O T A T I O N  

is the s t r e s s  tensor ;  
is the i so t ropic  p r e s s u r e ;  
is the Kronecker  delta;  
is the s t r a i n - s t a t e  tensor ;  
is the ve loc i ty -vor t ex  tensor ;  
is the inner p a r a m e t e r :  angular -ve loc i ty  tensor ;  
is the inner p a r a m e t e r  : iner t ia  tensor;  

is the s ta t ionary  Car te s i an  s y s t e m  of coordinates;  
a re  the semiaxes  of an ell ipsoid; 

a re  the un i tvec to r s  oriented along the ell ipsoid s emiaxes  a, b, c, respec t ive ly ;  
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~i, Vkm 

<> 

O o, Vo, 

S 

v i 
Wi 

are the rheological constants; 
is the dynamic viscosity of the solvent; 
is the volume concentration of macromolecules in the solution; 
is the rotational diffusivities of the ellipsoid; 
is the symbol of averaging; 

are the functions of a, b, c according to the Jeffery theory; 
is the dissipation of mechanical energy, per unit volume, due to rotational Brownian 
move me nt; 
are the velocity components in the stationary system of coordinates; 
is the angular velocity of ellipsoid, in the moving system of coordinates, due to 
rotational Brownian movement. 

lo 
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